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Abstract
We show that an arbitrary function f , analytic within a rectangle around the real interval x ∈ [−1,1], can
be approximated by a bandlimited function of bandwidth c with an accuracy on x ∈ [−1,1] which decreases
exponentially fast with the bandwidth c. We explicitly construct the approximation f bl(x; c) and show that its
Fourier transform is well-behaved (i.e., belongs to the “Schwartz space” of rapidly decaying C∞ functions).
We also show that an alternative method of constructing a bandlimited approximation using prolate spheroidal
functions yields a series for the Fourier transform of f which is usually divergent. We offer numerical evidence for
two conjectures about properties of prolate spheroidal functions. First, the eigenvalues λn of the prolate integral
equation,
∫ 1
−1 exp(icxy)ψn(y; c)dy = λnψn(x; c), decay “supergeometrically”, that is, faster than exp(−qn) for
any finite q . Second, the prolate coefficients in the expansions of most functions f (x) are O(1) until n > (2/π)c,
after which they fall geometrically.
 2003 Elsevier Inc. All rights reserved.
1. Introduction
“However, in many cases, we are confronted with band-limited functions defined on intervals. . . . Wave
phenomena are a rich source of such functions, both in the engineering and computational contexts;
they are also encountered in fluid dynamics, signal processing, and many other areas. . . . [Slepian
and Widom] observe that, for analysis of band-limited functions on the interval, prolate spheroidal
functions (PSWFs) are likewise a natural approach.”
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Implicit in the quote is the notion that nonperiodic smooth functions can be approximated on a finite
interval by bandlimited functions, i.e.,
f (x)≈ 1
2π
c∫
−c
F (k; c) exp(ikx)dk, x ∈ [−1,1], (1)
for some F(k; c) and some bandwidth c. However, there seems to be no proof of this, nor a theory for how
one might construct bandlimited approximations to nonperiodic functions on an interval. (For periodic
functions, of course, an ordinary Fourier series will suffice, but we shall exclude that trivial case.)
In this paper, we offer two contributions. In the next section, we show that an arbitrary but
analytic function can be approximated by a bandlimited function, and, furthermore, the error decreases
exponentially with bandwidth. In the following section, we describe how to generate a (formally)
bandlimited approximation through expansion of f (x) in prolate spheroidal wavefunctions of order zero
and explain why it is unsatisfactory.
2. A constructive proof that an analytic function can be approximated on a finite interval
by a bandlimited function with an error that decreases exponentially with bandwidth
As explained in the next section, it is easy to compute a formally-bandlimited approximation f bl to a
function f (x) merely by expanding f as a series of prolate spheroidal functions, but it is not possible to
usefully express the prolate series as a Fourier integral. In this section, we use a different procedure to
obtain a bandlimited approximation such that both f bl and its Fourier transform are well-behaved.
This construction depends on a so-called “window function” which is defined in the following lemma.
Lemma 1 (Construction of a C∞ bell). A “bell” or “window function”, standardized such that the
“smoothing regions” are |x| ∈ [1,1+ δ], is a function such that
T =
{
0, |x|> 1+ δ,
1, x ∈ [−1,1]. (2)
The most general form which varies monotonically between its limits of one and zero is
T (x;L,1,1+ δ)≡


H([x + 1+ δ/2]/δ/2;L), x <−1,
1, x ∈ [−1,1],
H(−[x − 1− δ/2]/δ/2;L), x > 1,
(3)
where H is a smoothed approximation to a step function (“ramp”). As discussed with references in
Boyd [2] and Boyd [3], there are many possibilities for constructing ramps (and therefore bells) which
are C∞, that is, infinitely differentiable for all real x; one is
H(x;L)=


0, x <−1,
(1/2){1+ erf(Lx/√1− x2 )}, x ∈ [−1,1],
1, x > 1.
(4)
The parameter L > 0 is a scaling factor that specifies how rapidly the ramp and bell functions tend to
their limits; for theoretical purposes, L= 1 is sufficient.
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Theorem 1 (Constructive bandlimited approximation). (1) If f (x) is analytic everywhere within the
rectangle (x) ∈ [−1 − δ,1 + δ] ⊗ (x) ∈ [−δ, δ] for some δ > 0, then f can be approximated by
a bandlimited function f bl(x; c) of bandwidth c which is explicitly constructed as a truncated Fourier
transform in the third part of this theorem.
(2) The error in the L∞ norm on x ∈ [−1,1] decreases exponentially fast with bandwidth c, that is,
max
x∈[−1,1]
∣∣f (x)− f bl(x; c)∣∣<pc−m, c→∞, (5)
for all finite m, where p is a constant.
(3) The bandlimited approximation is constructed by first defining the “windowed” function
f˜ (x)≡ T f (x), (6)
where T is a C∞ “bell” as defined by the lemma. Define the Fourier transform of f˜ by
F˜ (k)≡
∞∫
−∞
f˜ exp(ikx)dx. (7)
Then a bandlimited approximation of bandwidth c is obtained by truncating the Fourier integral for f˜
f bl(x; c)≡ 1
2π
c∫
−c
F˜ (k) exp(−ikx)dk. (8)
(4) Both f˜ (x) and F˜ (k) are C∞; f˜ is identically zero for sufficiently large |x| while F˜ (k) decays
exponentially fast as |k| →∞. In other words, both f˜ (x) and F˜ (k) belong to the “Schwartz space of
rapidly decaying functions” defined below.
Proof.
Definition 1 (Rapidly decreasing/infinite order decay). A function f (x) is said to be “rapidly decreasing”
or possess “infinite order decay” if f decreases faster than any finite inverse power of x as |x| →∞, that
is, if f (x)=O(|x|−m) for every integer m; Zayed [7, p. 9].
The windowed function f˜ belongs to the following class:
Definition 2 (Schwartz space of functions). Let f denote a C∞ function, i.e., a function that is infinitely
differentiable for all finite real x. The set of all such functions such that f and all its derivatives are
“rapidly decreasing” is the “Schwartz space of functions”; Zayed [7, p. 9].
f˜ is in the “Schwarz space of rapidly decaying functions” since the windowed function is zero (and
not merely rapidly decaying) for all sufficiently large real |x| and also since the product of a C∞ function
(the bell) with an analytic function (f ) is necessarily C∞. (Note that the theorem allows f to have
singularities along the real axis so long as they are outside the required rectangle of analyticity; the
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following lemma then ensures that f˜ has a Fourier transform that decays exponentially fast.
Lemma 2 (Fourier transform and inverse in Schwartz space). If a function f˜ is in the Schwarz space of
functions, then so is its Fourier transform; Zayed [7, Th. 12.25].
Since the functions in a Schwarz space have infinite order decay, this exponential decrease must be a
property of the Fourier transform F˜ (k) of f˜ . It follows that the error in truncating the Fourier transform
at k =±c is an error that must decrease faster than any finite inverse power of c. ✷
Figure 1 illustrates the windowed function f˜ for a particular f (x) that has a simple pole at x =
3/2 and so does not have a well-behaved Fourier transform. The windowed function f˜ , however, is
approximated very accurately—the L∞ error is less than 5× 10−7—by its Fourier transform truncated
to k ∈ [−33.3,33.3].
This windowing strategy is closely related to the “Fourier Extension” problem described with many
references in Boyd [2].
As explained in Boyd [1], the convergence of the usual Chebyshev and Legendre expansions for a
function analytic on x ∈ [−1,1] is normally “geometric”, that is, the error is proportional to exp(−qN),
where N is the truncation of the series and q > 0 is a constant. However, a function which is C∞ but
has breaks in functional form, as true of any bell that is identically one on a finite interval but different
from one outside that interval, has a Fourier transform which is “subgeometric” in the sense that F˜ (k)
decreases with |k| at a rate proportional to exp(−p|k|r), where r < 1. It follows that when a bandlimited
approximation is constructed by truncating the Fourier integral of F˜ at k =±c, the error decreases at a
subgeometric rate with the bandwidth c.
Fig. 1. The thick solid curve is the function f (x) ≡ (3/2)/(3/2 − x). The dashed curve is the windowed approximation to
f (x), f˜ ≡ f (x)T (x,1,3/2,2), which is identically zero for |x| > 3/2. The top of the graph is truncated because f has
a pole at x = 1.5 where it rises to infinity. For graphical clarity, a moderately large value of δ was chosen in the function
f = (1+ δ)/(1+ δ − x), but the method is in principle applicable for arbitrarily small positive δ, and to quite arbitrary f (x)
which are nonsingular in the theorem-specified rectangle in the complex x-plane. However, the bandwidth needed to reach a
given error tolerance increases rapidly as the singularities of f (x) move closer to the approximation interval, x ∈ [−1,1].
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of convergence?
3. Constructing bandlimited approximations through prolate spheroidal series
The prolate spheroidal functions of order zero are a complete orthonormal basis set which generalize
the Legendre polynomials. If f (x) is analytic everywhere within the rectangle (x) ∈ [−1− δ,1+ δ] ⊗
(x) ∈ [−δ, δ] for some δ > 0, the rate of convergence for both Legendre and prolate series is geometric
Boyd [4].
The prolate functions depend upon a parameter c which is the bandwidth of these functions as
expressed by the following:
Theorem 2 (Fourier transform of prolate spheroidal functions). The Fourier transform of a prolate
spheroidal function of order zero is
Ψn(k; c)≡
∞∫
−∞
exp(ikx)ψn(x; c)dx =
{
(λn/µn)ψn(k/c; c), |k| c,
0, |k|> c, (9)
where λn is the eigenvalue associated with ψn in the integral eigenproblem
∫ 1
−1 exp(icxy)ψn(y; c)dy =
λnψn(x; c) and µn = (c/(2π))|λn|2 (Slepian [5]).
The following theorem then follows by term-by-term transform of the prolate series for f .
Theorem 3 (Prolate bandlimited approximation). Suppose that a function f (x) is expanded as a prolate
series up to and including the N th term for a specific bandwidth c with a maximum pointwise error of at
most ε:
fN(x; c)≡
N∑
n=0
an(c)ψn(x; c) (10)
with ∣∣f (x)− fN(x; c)∣∣ ε, ∀x ∈ [−1,1]. (11)
Then, fN(x) is a bandlimited approximation, with error at most ε, of bandwidth c to f (x) which may be
written alternatively as
fN(x;N,c)= 12π
c∫
−c
F (k; c,N) exp(−ikx)dk, (12)
where
F(k; c,N)=
N∑
n=0
an(c)
λn
µn
ψn
(
k
c
; c
)
. (13)
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Right: the asymptotic “constant” q in the geometric convergence formula, exp(−qn), as calculated by taking differences of the
logarithm of the eigenvalues. If the eigenvalues truly decayed at a geometric rate, then the curve for q would flatten out and
asymptote to a constant.
This explicit series would seem to furnish an alternative and more direct construction of a bandlimited
approximation to f (x) than the windowed construction of the previous section, but there is a subtle
difficulty.
It is known (Slepian [5]) that the eigenvalues λn and µn decrease exponentially fast when n > n∗
defined by
n∗ ≡ 2
π
c, (14)
but the precise rate of convergence seems unknown. Using the algorithm of Xiao et al. [6], we numerically
calculated the λn. If the eigenvalues are decreasing geometrically, then this by definition is equivalent to
the statement that λn ∼ ρ exp(−qn) for sufficiently large n and fixed c. Hence,
q ∼ log(λn)− log(λn+1), n→∞. (15)
The right panel of Fig. 2 shows, however, that the difference in logarithms of the eigenvalues does not
converge to a constant, but rather seems to increase steadily without bound. This suggests the following
previously unpublished conjecture.
Conjecture 1 (Prolate eigenvalues λn decay supergeometrically). The prolate eigenvalues λj of the inte-
gral eigenproblem
∫ 1
−1 exp(icxy)ψn(y; c)dy = λnψn(x; c) fall supergeometrically with n for sufficiently
large n. In other words, the eigenvalues decay faster than
exp(−qn) (16)
for any finite q > 0.
Because the prolate coefficients decrease at only a geometric rate if f has singularities anywhere in
the finite x-plane, we have the following:
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curve with x’s) for f (x)= x tanh(10x). The vertical dashed dividing lines separate the three regimes of the prolate series. The
prolate coefficients decay very little when n < n∗(c) = (2/π)c ≈ 63. In the middle regime, the prolate coefficients fall much
faster than those of the Legendre series.
Theorem 4 (Divergence of prolate series for Fourier transform). If the prolate coefficients an(c) of a
function f (x) decrease geometrically with n and if the Prolate Eigenvalue conjecture is true, then the
term-by-term Fourier transform of the prolate series diverges, that is, the formal series
F(k; c)=
∞∑
n=0
an(c)
2π
c
λn
|λn|2ψn
(
k
c
; c
)
(17)
is divergent.
The reason is simply that the factor of 1/|λn| is blowing up faster (supergeometrically) than the
prolate coefficients are decreasing (geometrically). When f is an entire function, then the an decrease
supergeometrically, too, and a more precise argument is necessary. Furthermore, the argument does not
rule out the possibility that through a summability method, one might be able to sum the divergent
series for the Fourier transform. However, it is clear that it is anything but straightforward to obtain a
bandlimited approximation from the prolate spheroidal series.
Given that the trouble arises from the rapid blowup of 1/|λn| when n > n∗, an obvious strategy for
regularizing is to truncate the prolate series at n= n∗(c). Then all the factors of λn/|λn|2 in the series for
the Fourier transform F(k) will be O(1). Unfortunately, this fails because of the behavior of the prolate
coefficients.
As illustrated in Fig. 3, the coefficients of the Legendre polynomial series for a typical function with
a singularity off the expansion interval (in this case, simple poles on the imaginary x-axis) rapidly
asymptote to a geometric rate of convergence, which appears as a straight line of negative slope on a
log-linear plot of coefficient versus degree n. In contrast, the prolate coefficients exhibit three distinct
regimes.
For most functions including the one illustrated, the prolate coefficients do not decrease at all until
n > n∗(c). This regime of nondecreasing prolate coefficients is supported by numerous numerical
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f =ψm(x; c) for some m, but the evidence nevertheless suggests the following:
Conjecture 2 (Plateau for prolate coefficients). If f (x) is not an entire function, that is, if it has
singularities, then its prolate coefficients do not decrease until n > n∗(c) ≡ (2/π)c, where c is the
bandwidth parameter.
Since the prolate functions are entire functions, the trivial examples of f equal to a single prolate
function or to a finite sum of prolate functions does not contradict the conjecture, as a finite prolate sum
does not contain singularities at finite x.
In general, however, it is not possible to choose N sufficiently large to obtain a good approximation to
f (x), and at the same time choose it sufficiently small so that the tail of the truncated series for F(k; c)
is free of exponentially large terms. The conclusion is that prolate expansions are not a successful way in
general to construct the Fourier transform F(k; c) that gives a good bandlimited approximation to f (x).
The prolate series in ψn(x; c) is a geometrically convergent approximation method; it is only the series
of λn/|λn|2ψn(k/c; c), that is, the Fourier-transformed series, which is divergent.
4. Unresolved issues
The constructive windowing procedure is simple and robust, but the Fourier transform of the windowed
function f˜ decays with wavenumber k only at a subgeometric rate. The alternative of expanding f
as a prolate spheroidal series does not work at all in the sense that the result of term-by-term Fourier
transformation is a divergent series. Thus, a central issue remains: What is the “best” bandlimited
approximation to a nonperiodic function f (x) on a finite interval?
It is straightforward to define an ordinary least-squares approximation, but the Fourier basis exp(ikx)
is numerically ill-conditioned. Worse still, the transform F(k) usually oscillates with O(1) amplitude
over the entire bandwidth instead of decreasing as |k| increases, yielding a bandlimited approximation
that is rather noisy, especially when differentiated. (The related but simpler problem of approximating a
nonperiodic function by a Fourier series rather than a Fourier transform is also hard for the same reasons
as explained in depth in Boyd [2].) The issue of defining an optimum bandlimited approximation—and
that of defining “optimum” in various contexts—is a thorny problem for the future.
A number of more focused questions also remain unanswered including the following:
(1) Is it possible to find a bandlimited approximation with an error that decreases geometrically fast with
the bandwidth c, that is, falls as exp(−pc) for some p > 0?
(2) Is it possible to extract useful information from the divergent term-by-term transform of the prolate
series for a general function f (x)?
(3) Does the transformed prolate series for F(k) diverge for all f (x), or only for nonentire f ?
(4) Is an appeal to the success of bandlimited approximation a good or plausible justification for
approximation by prolate series?
(5) Can one prove that the eigenvalues λn decrease supergeometrically?
(6) Can one prove that the prolate coefficients of a function with a singularity, either on or off the
expansion interval, do not decrease until n > n∗(c)?
176 J.P. Boyd / Appl. Comput. Harmon. Anal. 15 (2003) 168–176(7) Can one explain the three different types of behavior, each in its own range of n, for the prolate
coefficients of a general function as illustrated in Fig. 3?
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